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ABSTRACT: Thermotherapy, often called Hyperthermia treatment is a cancer treatment modality that involves raising the 

temperature of the tumor mass to over 315 K (42°C) for a specific duration, which leads to cell death through apoptosis or 

necrosis. Magnetic Particle Hyperthermia (MPH) is a non-invasive technique where magnetic nanoparticles are introduced 

into the tumor and then exposed to a magnetic field which convert magnetic energy into heat. Due to their high acidity, tumor 

cells are more sensitive to heat than healthy cells, meaning that heating the tumor to 315-319 K (42°C–46°C) can destroy it 

with minimal damage to the surrounding healthy tissues. During hyperthermia treatment, blood perfusion helps protect the 

healthy tissues around the tumor by dissipating excess heat. This paper presents a study where the temperature profiles within 

a spherical hepatic tumor mass are estimated by solving Pennes’ Bio-heat Equation, incorporating a power term. The study 

uses analytical methods to examine the effects of magnetic fluid hyperthermia treatment. Numerical illustrations are carried 

out using magnetite (Fe3O4) nanoparticles having an average diameter of 10.9 nm with mineral oil as a carrier liquid, subjected 

to magnetic fields of varying intensities. By analysing the model, the present work helps in designing an optimal treatment 

protocol by identify the time threshold of the therapy for varying magnetic field strengths. 
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1. INTRODUCTION 

Cancer is primarily a genetic disorder, although 

environmental and other non-genetic factors also play 

significant roles in its development [1]. It is widely 

acknowledged that cancer arises from mutations in certain 

genes that make individuals more susceptible to the disease 

[2]. These genes are classified into three groups: gatekeepers, 

caretakers, and landscapers. Gatekeeper genes directly 

control cell growth and differentiation and include both 

oncogenes and tumor-suppressor genes (TSGs) [3]. 

Caretaker genes, on the other hand, indirectly promote 

tumorigenesis by preserving genomic integrity. When 

caretaker genes mutate, they can lead to genetic instability, 

resulting in the rapid accumulation of additional mutations in 

genes that directly regulate cell birth and death [4]. 

Landscaper genes, while not directly affecting cell growth, 

create an abnormal tissue environment that supports the 

transformation of cells into cancerous ones [5]. However, a 

single gene mutation is not enough to cause full-blown cancer. 

Further genetic mutations are needed for the disease to 

progress to malignancy and invasion. Thus, the risk of 

developing cancer depends not only on the initial mutations 

that start tumorigenesis but also on subsequent mutations that 

drive tumor progression [6, 7]. Cancer treatment modalities 

encompass a range of approaches, each specific to, type, 

stage, and characteristics of the cancer. Major treatment 

methods include surgery, chemotherapy, thermotherapy, and 
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radiation therapy. 

Hyperthermia is a condition in which tissue temperature 

is elevated to unusually high levels. In medical applications, 

it has been adapted to treat various cancers, offering the 

advantage of being non-invasive compared to surgical 

ablation and proving particularly useful for treating 

inoperable areas of the body [8, 9]. Magnetic fluids generate 

heat when placed in a magnetic field by converting magnetic 

field energy into thermal energy. The intensity of the 

generated heat depends on various parameters related to the 

magnetic field, such as frequency and amplitude, as well as 

the composition of the magnetic fluid, including particle size 

distribution, particle type, carrier liquid, and surface-active 

agents. The behavior of magnetic fluids in magnetic fields 

has been extensively studied, leading to their application in 

medical science, though development is ongoing to optimize 

heating of target tissues while minimizing damage to 

surrounding healthy tissues [4]. 

Advancements in the field of nanomaterial science have 

led to the opening of new horizons in nano-medicine [10-23]. 

In 1999, Lacis [13] attempted to study fluid movement at 

specific frequencies of applied magnetic fields. Mody et al. 

[15] reviewed how the magnetic properties of nanoparticles 

depend on their shape, size, surface coating, and doping, and 

discussed the clinical status of magnetic nanoparticles for 

magnetic fluid hyperthermia applications. Earlier Zakinyan 

et al. [22] had investigated the behavior of a drop of kerosene-

based magnetic fluid composed of 10 nm magnetite 

nanoparticles surrounded by a nonmagnetic liquid on a solid 

horizontal surface under a low-frequency (≃1 Hz) uniform 

Rotating Magnetic Field (RMF). Dieckhoff et al. [8] used 

phase-lag research to study the behavior of magnetic 

nanoparticles exposed to RMF and Alternating Magnetic 

Field (AMF) at low frequencies. The dynamic behavior of 

particles in a magnetic field was also explained by solutions 

to the Fokker–Planck equations [21]. Beković et al. [3] 

proposed a new measuring system for characterizing 

magnetic flux losses and generated a high-frequency RMF 

with adequate amplitudes, making hyperthermia more 

applicable in medical science. Kumar et al. [4] explored the 

formulations of superparamagnetic iron oxide, gold nanorods 

and nanoshells, and carbon nanotubes for magnetic 

nanoparticle hyperthermia. Darvishi et al. [6] developed a 

method to analyze drug delivery and the distribution of 

magnetic nanoparticles in fluid hyperthermia cancer 

treatment, demonstrating the impact of nanoparticle 

distribution on treatment effectiveness. Recently in 2022, 

Ahmed et al. [1] studied the magnetic locomotion of 

Superparamagnetic iron oxide nanoparticles (SPIONs) under 

with RMF while controlling heating using AMF, 

demonstrating the feasibility of using SPIONs for targeted 

hyperthermia therapy. 

Magnetic fluid hyperthermia works by generating heat 

through the energy loss of magnetic nanoparticles inside an 

Alternating Magnetic Field (AMF) or a Rotating Magnetic 

Field (RMF). This heat is sufficient to damage cancer cells, 

leading to their destruction through necrosis and apoptosis, 

effectively targeting the tumor. Necrosis occurs when cells 

are exposed to extreme conditions that deviate significantly 

from their normal environment, causing irreversible damage 

to their internal structures.  

 

 
  

Fig. 1. Cell death mechanisms. 
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This process leads to rapid cell and tissue death and is 

characterized by being passive and un-programmed. 

Apoptosis, on the other hand, is a form of programmed cell 

death (PCD) that plays a crucial role in regulating and 

controlling an organism’s growth and development. Often 

referred to as cellular suicide, apoptosis involves the cell 

actively participating in its own death. The process includes 

the cell shrinking, condensing, and ultimately fragmenting, 

ensuring a controlled and orderly elimination of damaged or 

unnecessary cells [19]. Both the mechanisms are depicted 

diagrammatically in Fig. 1. 

Magnetic nanoparticles are administered directly to the 

tumor site through injection. Once in place, an alternating or 

rotating magnetic field is applied, causing the nanoparticles 

to generate heat through energy conversion mechanisms such 

as hysteresis loss and Néel or Brownian relaxation. This heat 

is then transferred to the surrounding tumor tissue, raising its 

temperature, and leading to cell death [19]. In this study, we 

propose a novel therapeutic control model for cancer 

treatment that studies the temperature profiles within a tumor 

mass during thermotherapy treatment using magnetic 

nanofluids. The significance of this research lies in 

integrating the fields of material science and mathematics 

with medicine to design a proper treatment modality. The 

section 3 of this paper outlines our proposed model in the 

form of a second order partial differential equation, the 

Pennes' bio-heat equation with appropriate boundary 

conditions modified to incorporate the heating effect from 

magnetic nanofluids under the influence of a magnetic field. 

In Section 4, we present numerical simulations to 

demonstrate the validity of the results. Finally, we discuss our 

findings and outline some potential avenues for future 

research. 

 

 

2. MATHEMATICAL COMPUTATIONAL DETAILS 

For the sake of this study, magnetic nanofluid 

consisting of Magnetite (Fe3O4) nanoparticles having a 

mean diameter of 10.9 nm with mineral oil as a carrier 

liquid is used on a Chinese hamster with primary hepatic 

tumor for thermotherapy. Magnetic nanofluid is directly 

injected at the tumor site and is assumed to be normally 

distributed within the tumor mass from its center up to 

radial extent r0. Alternating magnetic field and Rotating 

magnetic field of varying intensities is generated using the 

supply coil assembly illustrated in Fig. 2 [3, 20]. 

Temperature profiles inside the tumor mass of size 2 cm 

are modelled by approximating the tumor mass as a sphere 

of radius (R) (see Fig. 3).  

 

3. RESULTS AND DISCUSSION 

3.1. Theory of power dissipation 

Magnetic relaxation is a measure of the tendency of a 

magnetic system to maintain equilibrium or a steady-state 

condition upon a change in the magnetic field. The 

characteristic times that are required to reach this 

equilibrium are known as relaxation times. 

 

 

 
 

Fig. 2. Schematic representation of experimental setup for generating AMF (left) and RMF (right). 
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Fig. 3. Spherical approximation of the tumor mass 

 

Magnetic relaxation of a single domain magnetic 

nanoparticle suspended in a fluid can be explained by 

Brownian Relaxation and Néel Relaxation theories Néel 

relaxation is caused by magnetization vector reorientation 

against an energy barrier inside the nanoparticle magnetic 

core while Brownian relaxation is a result of rotational 

diffusion of the magnetic nanoparticle as a whole in the 

carrier liquid [18]. The Néel and Brownian relaxation times, 

τN and τB [11] are respectively given as: 

 

τ𝑁 = τ0 exp (
𝐾𝑈𝑉𝑀

𝑘𝑏𝑇
)                          (1) 

 

𝜏𝐵 =
3η𝑉𝐻

𝑘𝑏𝑇
                                 (2) 

 

where τ0, KU, VM, kb, T, η, and 𝑉𝐻 = (
1+2δ

𝐷
)

3
𝑉𝑀 are 

the characteristic time constant (=10−9), anisotropy 

constant, primary volume of the MNPs, Boltzmann 

constant, temperature, viscosity of the solvent, and 

hydrodynamic volume of the MNPs, respectively and δ is 

the thickness (= 10−9 m) of sorbed layer of the surfactant. 

Rosensweig [18] proposed that Néel and Brownian 

relaxations happen simultaneously, with the effective 

relaxation angular frequency being the inverse of the 

effective relaxation time, as expressed by 

 

ω𝑒𝑓𝑓 =
1

τ
=

1

τ𝑁
+

1

τ𝐵
                           (3) 

 

For sufficiently strong magnetic fields, the Néel 

relaxation time can vary significantly, changing by several 

orders of magnitude, while the Brownian relaxation time 

remains largely unaffected by the magnetic field strength. 

Consequently, the Néel relaxation mechanism becomes 

crucial. Beković et al. [3] gave a modified expression for 

power dissipation that incorporates thermal relaxation 

within the confines of linear response theory, given by: 

 

𝑃0 = μ0πχ0𝑓𝐻0
2

2π𝑓τ

1 + (2π𝑓τ)2
                   (4) 

 

where µ0 denotes the magnetic permeability of the free 

space, χ0 – the equilibrium susceptibility, f and H0 – the 

frequency and the amplitude of Alternating Magnetic Field 

(AMF), χ0 = χ𝑖
3

ζ
(coth ζ −

1

ζ
)  where χ𝑖 =

μ0ϕ𝑀𝑑
2𝑉𝑀

3𝑘𝐵𝑇
  and 

𝜁 =
μ0𝑀𝑑𝐻𝑉𝑀

𝑘𝐵𝑇
 , 𝐻 = 𝐻0 cos(2π𝑓𝑡) , 𝑀𝑑  is the domain 

magnetization of a suspended particle, and 𝑉𝑀 =
π

6
𝐷3. 

Power Loss P0 in the RMF is determined by the fluid’s 

physical properties and the parameters of the rotating 

magnetic field, as described in [3]. This relationship is 

expressed by the following equation. 

 

𝑃0 = μ0

Ω

2
(𝑚𝑥𝐻𝑥 + 𝑚𝑦𝐻𝑦)                     (5) 

 

where Hx and Hy represent magnetic field strengths along x 
− direction and y − direction respectively, Ω = 2πf is the 

angular frequency, mx and my are the resolved 

magnetization components of the magnetic field along x- 

direction and y-direction respectively. As the tissue 

temperature rises, the body’s thermoregulation system 
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dissipates the excess heat by increasing blood flow to the 

tumor area. In response to this temperature increase, the 

blood flow rate in the surrounding healthy tissues 

multiplies significantly, whereas within the tumor itself, 

the blood flow rate only doubles at most. This mechanism 

helps protect the healthy tissues to a certain extent [10]. 

 

3.2. Governing Equation 

 

The fundamental equation to describe heat transfer in 

biological tissues was proposed by H.H. Pennes [16]. This 

equation takes into account both heat conduction within 

tissues and heat transfer by blood perfusion. It is a partial 

differential equation that has been foundational in the field 

of thermal therapy and bioheat transfer modeling. The 

equation is given by, 

ρ𝑝𝑐𝑝

∂𝑇

∂𝑡
= ∇ ⋅ (𝑘∇𝑇) + ρ𝑏𝑐𝑏ω𝑏(𝑇𝑎 − 𝑇) + 𝑄         (6) 

 

where ρp and cp are the density and specific heat 

capacity of the tumor mass, k is the thermal conductivity, 

ρb and cb the density and specific heat capacity of blood, ωb 

the blood perfusion rate, Ta the arterial blood temperature, 

Q the constant heat generation due to metabolism. 

The modified radial form, which incorporates a power 

term P from a heating source, is expressed as, 

 

ρ𝑝𝑐𝑝
∂𝑇

∂𝑡
= 𝑘 [

1

𝑟2

∂

∂𝑟
(𝑟2 ∂𝑇

∂𝑟
)] + ρ𝑏𝑐𝑏ω𝑏(𝑇𝑎 − 𝑇) + 𝑄 + 𝑃                                              

               

                                           (7) 

 

Assuming our domain is a spherical tumor mass with a 

radius R and that the applied heat does not affect the 

surrounding region, the equation is subject to the following 

conditions. 

 

Initial Condition: 

The temperature at t = 0 is assumed to be the same as 

core body temperature or the arterial blood temperature Ta. 

Boundary Conditions: 

𝑘
∂𝑇

∂𝑟
= 0, when r = 0 and r = R. 

 

3.2.1. Solution of the model 

 

Substituting Φ = Ta − T, equation (7) can be written as: 

 

ρ𝑝𝑐𝑝
∂Φ

∂𝑡
= 𝑘 [

1

𝑟2

∂

∂𝑟
(𝑟2 ∂Φ

∂𝑟
)] + (ρ𝑏𝑐𝑏ω𝑏)Φ + 𝑄 + 𝑃  (8) 

 

Using Φ =
φ

𝑟
, the above equation reduces to 

ρ𝑝𝑐𝑝

𝑘

∂φ

∂𝑡
= [

∂2φ

∂𝑟2
] + (𝜌𝑏𝑐𝑏𝜔𝑏)

φ

𝑘
+

𝑟

𝑘
(𝑄 + 𝑃)       (9) 

  

In order to solve the above equation, we apply the Fourier 

sine transform throughout. Thus, we have 

√
2

𝜋
∫

ρ𝑝𝑐𝑝

𝑘

∂φ

∂𝑡

∞

0

sin(γ𝑟) 𝑑𝑟

= √
2

π
∫ [

∂2φ

∂𝑟2
+ (𝜌𝑏𝑐𝑏𝜔𝑏)

𝜑

𝑘

∞

0

+
𝑟

𝑘
(𝑄 + 𝑃)] sin(γ𝑟) 𝑑𝑟            (10) 

which implies, 

𝐾
𝜕�̅�

𝜕𝑡
= −(𝜔2 + 𝛾2)�̅� +

𝐹(𝛾)

𝑘
                  (11) 

 

where 𝐾 =
ρ𝑝𝑐𝑝

𝑘
 , ω2 =

ρ𝑏𝑐𝑏ω𝑏

𝑘
 , φ̅ = √

2

π
∫ φ sin(γ𝑟)  𝑑𝑟 

∞

0
 

and 𝐹(γ) = √
2

π
∫ 𝑟𝑃(𝑟) sin(γ𝑟) 𝑑𝑟

∞

0
 

 

where γ is the Fourier transform variable and γ ϵ (0, ∞). We 

omit the metabolic heat generation term
𝑄

ρ𝑝𝑐𝑝
≃ 0 , (see 

Table 1). 

 

Solution of equation (11) can be written as, 

 

φ̅ = exp[−(𝜔2 + 𝛾2)𝑡]�̅�0 +
𝐹(γ)

𝑘(ω2+γ2)
[1 −

exp (−
(ω2+γ2)𝑡

𝐾
)]                            (12) 

 

We assume that the initial temperature T0 = Ta, the 

arterial blood temperature. Thus, we get φ̅0 = 0 .  Now 

applying the inverse Fourier transformation φ =

√
2

π
∫ φ̅(γ) sin(γ𝑟)  𝑑γ 

∞

0
, we obtain. 

φ = √
2

π
∫

𝐹(γ)

𝑘(ω2 + γ2)
[1 − exp (−

(ω2 + γ2)𝑡

𝐾
)]

∞

0

sin(γ𝑟) 𝑑𝛾  

                                           (13) 

Using 
φ

𝑟
= Φ and Φ − Ta = T, we get the following 

equation.  

𝑇 = 𝑇𝑎 +
1

𝑟
√

2

π
∫

𝐹(γ)

𝑘(ω2 + γ2)
[1 − exp (−

(ω2 + γ2)𝑡

𝐾
)]

∞

0

sin(γ𝑟) 𝑑𝛾 

                    (14) 
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which gives the temperature profile inside the tumor mass 

at any time (t). 

Since the heat source is a Gaussian distributed 

source: 𝑃 = 𝑃0  exp (−
𝑟2

𝑟0
2),  we have 𝐹(γ) =

1

2√2
𝑃0𝑟0

3γ exp (−
γ2𝑟0

2

4
) , where r0 is the extent of radial 

length up to which the magnetic fluid extends. The 

temperature inside the tumor mass at any time t can be 

obtained in two cases discussed below. 

 

Case I: Temperature For 0 < r < R at any time t. 

 

Using the above relation for F(γ) in equation (14), we 

get the following equation: 

 

𝑇 = 𝑇𝑎 +
𝑃0𝑟0

3

2√π𝑘𝑟
∫

γ exp(−
γ2𝑟0

2

4
)

(ω2+γ2)
[1 − exp (−

(ω2+γ2)𝑡

𝐾
)]

∞

0
sin(γ𝑟) 𝑑𝛾                     

(15) 

which gives the temperature T at any time t and radius 0 < 

r < R. 

Case II: Temperature for r = 0 at any time t. 

 

To obtain the temperature T at time t and r = 0, we 

substitute for F(γ) and use L’Hospital’s Rule and Leibniz 

Rule in succession in equation (14). Thus, at r = 0, we have 

𝑇 = 𝑇𝑎 +
𝑃0𝑟0

3

2√π𝑘
∫

γ2 exp (−
γ2𝑟0

2

4 )

(ω2 + γ2)
[1

∞

0

− exp (−
(ω2 + γ2)𝑡

𝐾
)] sin(γ𝑟) 𝑑𝛾  

                                                   (16) 

3.3. Steady state solution 

Biological processes often undergo a transient phase 

before reaching a steady state. The steady state is a 

condition where the system’s properties remain constant 

over time. This occurs when the system has settled into a 

stable equilibrium after the initial transient period. 

Mathematically, as time the transient effects diminish, and 

the system reaches its steady state. In this steady state, the 

solution to the governing equations no longer changes with 

time. This solution represents the long-term behavior of the 

system where all transient dynamics have dissipated. 

The steady state solution to our model is obtained by 

letting t → ∞ in equation (15) which is given by, 

 

𝑇 = 𝑇𝑎 +
𝑃0𝑟0

3

2√π𝑘𝑟
∫

γ exp (−
γ2𝑟0

2

4 )

(ω2 + γ2)

∞

0

sin(γ𝑟) 𝑑𝛾           (17) 

 

which gives the steady state temperature inside the tumor 

mass at time t and 0 < r < R. 

 

Steady state temperature at r = 0 is obtained by letting 

t → ∞ in equation (16) which is given by, 

𝑇 = 𝑇𝑎 +
𝑃0𝑟0

3

2√π𝑘
∫

γ2 exp (−
γ2𝑟0

2

4 )

(ω2 + γ2)

∞

0

sin(γ𝑟) 𝑑𝛾           (18) 

 

 

Table 1. Numerical values of physiological parameters 

used in the model. [5, 12, 14, 17]. 

 

Quantity Value 

Ta 310 K 

k 0.57 W m-1
 K-1 

ρp 1079 Kg m−3 

ρb 1050 Kg m−3 

cb 3600 J kg−1 K−1 

cp 4180 J kg−1 K−1 

Q 7079.3 kg m−3 s−1 

wb 6.4 × 10-3
 s-1 

Md 412 kA m-1 

KU 9 kJ m−3 

D 10.9× 10−9 m 

ϕ 0.003 

 

In this section, we illustrate the outcome of magnetic 

fluid hyperthermia using Gaussian source magnetite 

(Fe3O4) nanofluid on the primary hepatic tumor mass of 

size 2 cm inside a Chinese hamster. The values of various 

physiological parameters and other numerical values 

characteristic of the magnetic fluid are given in Table 1 

below. The results are in close agreement with 

experimental research and existing literature [2, 3] further 

validating our model. 

 The radial temperature profile of the tumor mass at 

time (t) during magnetic fluid hyperthermia treatment 

under the Alternating Magnetic Field (AMF) and Rotating 

Magnetic Field (RMF) with H0 = 2.0kA and f = 244 kHz 
with r0 = 3 mm and 5 mm are given in Fig. 4 and Fig. 5, 

respectively. 

The graphs depict the temperature distribution along 

the radial distance of the tumor mass at different time 

intervals.  
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Fig. 4. Temperature profiles inside the tumor mass of size 2 cm during thermotherapy using magnetite (Fe3O4) nanoparticles 

under AMF with H0 = 2 kA/m when the magnetic fluid extends to a radial length of; a) r0 = 3 mm, and b) r0 = 5 mm. 

 

 

 
 

Fig. 5. Temperature profiles inside the tumor mass of size 2 cm during thermotherapy using magnetite (Fe3O4) nanoparticles 

under RMF when the magnetic fluid extends to a radial length of; a) r0 = 3 mm, and b) r0 = 5 mm.

 

 

 

Steady state temperatures (ts), i.e., the maximum 

temperatures that are achieved subjected to the boundary 

conditions of equation (7) are also depicted in the graphs 

for the treatment under both the AMF and RMF. 

The results depicted in Fig. 4 and Fig.5 show that the 

thermotherapy treatment using the given nanofluid is 

capable to raise the temperature of the tumor at the center 

to well above the threshold of 315 K (42°C). However, 

extent of the tumor mass affected by thermotherapy is 

increases with the increase in the volume covered by the 

injected nanofluid which is manifested by the value of r0. 

The steady state temperature (Ts) obtained using 2.0 kA/m 

AMF for r0 = 3 mm was 318 K at time ts = 600 s, while the 

same for r0 = 5 mm was 327 K at time ts = 650 s. Similarly, 

in case of 2.0 kA/m RMF, for r0 = 3 mm, a steady state 

temperature Ts = 323 K was obtained at time ts= 600 s, and 

for for r0 = 5 mm, Ts = 332 K was obtained at time ts= 600 

s. 

 

4. CONCLUSION 

Magnetic fluid hyperthermia (MFH) is an innovative, 

non-invasive treatment aimed at destroying tumors in 

difficult-to-reach or inoperable areas within the body. 

During hyperthermic treatment, it is crucial to maintain the 
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temperature of the surrounding healthy tissue below 315 K 

(42°C) to prevent cell damage. Typically, this requires the 

use of high sensitivity temperature sensors around the 

tumor, which makes the procedure invasive and unsuitable 

for certain inoperable areas. Our study overcomes this 

limitation by employing the well-established Pennes’ Bio-

Heat Equation validated with existing literature, to model 

heat transfer in biological tissues under appropriate 

boundary conditions. This method ensures that the 

temperature of healthy tissues surrounding the tumor 

remains within safe limits by applying magnetic fields only 

until the corresponding steady-state temperatures are 

reached. Thus, in practice, the optimal duration (t) for a 

single therapeutic session under a specific magnetic field 

strength should be shorter than the time (ts) required to 

reach the steady-state temperature (Ts) as determined by 

the governing equation and boundary conditions. It is 

possible to extend the model for heterogeneous tumor mass 

by considering the thermal conductivity (k) as a function 

of tumor radial coordinate (r). Moreover, this study 

considers solid tumors only, thus limiting its applicability. 
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